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Abstract
The Hamilton-Jacobi analysis is applied to the dynamics of the
scalar fluctuations about the Friedmann-Robertson-Walker (FRW).
The gauge conditions are found from the consistency conditions. The
physical degrees of freedom of the model are obtain by symplectic
projector method. The role of the linearly dependent Hamiltonians
and the gauge variables in Hamilton-Jacobi formalism is discussed.
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1 Introduction
The cosmological models which include the theory of a scalar field coupled
to gravity play an important role during the last period. A transformation
from a reparametrization-invariant system to an ordinary gauge system was
applied for deparametrizing cosmological models. In the path integral ap-
proach to false vacuum decay with the effect of gravity, there is an unsolved
problem, called the negative mode problem. A conjecture it was proposed
that there should be no supercritical supercurvature mode.This conjecture
was verified for a wide variety of tunnelling potentials [1]. For the mono-
tonic potentials no negative modes were reported about the Hawking-Turok
instanton. For a potential with a false vacuum the Hawking-Turok instan-
ton it was shown that we obtain a negative mode for certain initial data
[2]. It was shown that the cosmological perturbations in Lorentzian regime
are related to the cosmic microwave background radiation and large scale
structure formation [3, 4, 5]. The unconstrained reduced action correspond-
ing to the dynamics of scalar fluctuations about the FRW background was
obtained by applying Dirac’s method of singular Lagrangian systems [6, 7].
The results were applied to the negative mode problem in the description of
tunnelling transitions with gravity [8]. There are several known methods in
obtaining and dealing with unconstrained quadratic action in terms of the
physical variables [4, 5, 9] in the theory of scalar field coupled to gravity
in non-spatially flat FRW Universe but the main problem appears at the
quantum level [8]. For these reasons new quantization methods as Hamilton-
Jacobi method and the symplectic projector method [10, 11, 12, 13] should
be applied on the theory mentioned above. By adding a surface term to the
action functional the gauge invariance of the systems whose Hamilton-Jacobi
equation is separable was improved [14].
Hamilton-Jacobi formalism (HJ) based on Carathe´odory’s idea [15] gained
a considerable importance during the last decade due to its various applica-
tions to quantization of constrained systems [16].
However, some difficulties may occur for HJ in dealing with linear de-
pendent constraints. The main problem comes from the construction of the
canonical Hamiltonian. Let us assume that the canonical Hamiltonian is
a linear combination of two terms and the second one is proportional to a
given field having its momentum zero. After imposing the integrability condi-
tion for that momentum we obtain a new constraint, therefore the canonical
Hamiltonian is a linear combination of two constraints.
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Therefore one of interesting and yet not solved question is how to deal with
the total differential equations within HJ in the above mentioned case.
Another issue is related to the gauge fixing procedure within HJ for-
malism. Can we find inside of HJ a mechanism to obtain the gauge fixing
condition?
In order to analyze the above mentioned open problems we have to apply
HJ formalism to a constrained system possessing linearly dependent con-
straints.
For these reasons the application of HJ formalism to cosmological pertur-
bations in FRW model with scalar field is an interesting issue.
The paper is organized as follows:
In Section 2 the model is presented. Section 3 presents briefly HJ formal-
ism. The symplectic projector method is discussed in Section 4. In Section 5
the gauge fixing conditions of the investigated model are discussed inside HJ
formalism and the true degrees of freedom are obtained within symplectic
projector method. Finally, Section 6 is dedicate to our conclusions.
2 The model
The action of the system of scalar matter field coupled to gravity is given by
S =
∫
d4x
√−g
[
R
2k
− 1
2
∇µφ∇µφ− V (φ)
]
. (1)
Here k = 8πG represents the reduced Newton’s constant and the scalar
potential field is denoted by V (φ) [8].
By expanding the metric and the scalar field over an FRW type back-
ground one obtains
ds2 = a(η)2
[−(1 + 2A(η)Y )dη2 + 2B(η)Y|idηdxi
+{γij(1− 2Ψ(η)Y ) + 2E(η)Y|ijdxidxj}
]
,
φ = ϕ(η) + Φ(η)Y. (2)
Here γij represents the three-dimensional metric on the constant curvature
space sections, a and φ denote the background field values and A,Ψ,Φ,B and
E are small perturbations. In addition, Y represents a normalized function of
3-dimensional Laplacian, ∆Y = −k2Y , and vertical line denotes the covariant
derivative with respect to γij.
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The background fields a and φ are subjected to the following equations
H2 −H′ +K = k
2
φ
′2
,
2H′ +H2 +K = k
2
(
−φ′2 + 2a2V (φ)
)
φ
′′
+ 2Hφ′ + a2 δV
δφ
= 0. (3)
In (3) the prime denotes a derivative with respect to conformal time η,H = a′
a
and K denotes the curvature parameter which takes the values 1,0,-1 for
closed, flat and open universes, respectively.
The total action containing only the second order terms becomes
S = S(0) + S(2), (4)
where S(0) represents the action of the background solution and S(2) is
quadratic in perturbations. The corresponding Lagrangian is as follows
L = a
2√γ
2k
[
−6Ψ′2 + 2(k2 − 3K)Ψ2 + k
{
Φ
′2 − (a2 δ
2V
δφδφ
+ k2)Φ2 + 6φ
′
Ψ
′
Φ
}
−
{
2kφ
′
Φ
′
+ 2ka2
δV
δφ
Φ+ 12HΦ′ + 4(k2 − 3K)Ψ
}
A
−2(H′ + 2H2 −K)A2
]
. (5)
3 Hamilton-Jacobi formalism
HJ formalism presented in this section is based on Carathe´odory’s idea of
equivalent Lagrangians [15]. This approach can be considered an alternative
method of quantization of constrained systems and it was subjected under
an intense debate during the last decade [16, 17, 18, 19, 20, 21, 22, 23]. The
starting point of this method is a singular Lagrangian L, therefore the corre-
sponding Hessian matrix is singular. In this case a set of primary constraints
appears naturally. Instead of working with one Hamiltonian, in this method
we use the initial canonical Hamiltonian H0 and all primary constraints H
′
α.
Namely, the ”Hamiltonians” are
H
′
α = pα +Hα(tβ , qa, pa), (6)
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where α, β = n− r + 1, · · · , na = 1, · · · , n− r and the canonical one
H0 = pawa+ q˙µpµ |pν=Hν −L(t, qi, q˙ν , q˙a = wa), ν = 0, n− r + 1, · · · , n. (7)
Using (6) and (7) a set of total differential equations is obtained
dqa =
∂H
′
α
∂pa
dtα, dpa = −∂H
′
α
∂qa
dtα, dpµ = −∂H
′
α
∂tµ
dtα, µ = 1, · · · , r, (8)
together with HJ function z is defined by
dz =
(
−Hα + pα∂H
′
α
∂pα
)
dtα, (9)
where tα are gauge variables [15]. The next step is to investigate the inte-
grability of the system (8).
On the surface of constraints the system of differential equations is inte-
grable if and only if
[H
′
α, H
′
β] = 0. (10)
The difficulties appear in this formalism when the Hamiltonians are not in
the form (6). In this case the physical significance from HJ point of view
is lost.Therefore, we have to make a canonical transformation to be able to
recover the physical significance. Finding a suitable canonical transformation
for a given constrained system is not an easy task in general. The surface
terms play an important role in finding the integrability conditions in HJ
formalism.
If (10) is not fulfilled,then another set of ”Hamiltonians” arises and we
subject them to the integrability conditions. The process ends when no new
”Hamiltonian” appears.
4 Symplectic Projector Method
Let us assume that a system admits only second constraints
φm(ζM) = 0, (11)
where ζM = (xa, pa), M = 1, 2, · · · ...2N are the coordinates.
The definition of symplectic projector is the following (for more details
see [10, 11, 12, 13] and the references therein )
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ΛMN = δMN − JML δφm
δζL
∆−1mn
δφn
δζN
, (12)
where ∆−1mn represents the inverse of the following matrix
∆mn = {φm, φn} (13)
and JMN denotes the symplectic two form. Thus, the action of the sym-
plectic projector defined by (12) is to project ζM onto local variables on the
constraint surface defined below
ζ⋆M = ΛMNζN . (14)
5 The model and the gauge fixing conditions
within HJ formalism
From the Lagrangian density (5) we obtain the canonical momenta as
ΠΨ =
6a2
√
γ
k
(−Ψ′ + k
2
ψ
′
Φ−HA)
ΠΦ = a
2√γ(Φ′ − φ′A), (15)
ΠA = 0. (16)
From (16) we conclude that A is a gauge variable and that H
′
1 = ΠA rep-
resents a ”Hamiltonian”. By using (15) and (16) the canonical Hamiltonian
becomes
HC = − k
12a2
√
γ
Π2Ψ +
1
2a2
√
γ
Π2Φ +
k
2
φ
′
ΠΨΦ
+ a2
√
γ[−k
2 − 3K
k
Ψ2 +
1
2
(a2
δ2V
δφδφ
− 3
2
kφ
′2 + k2)Φ2]
+ A{φ′ΠΦ −HΠΨ + a2√γ[(a2 δV
δφ
+ 3φ
′H)Φ + 2(k
2 − 3K)
k
Ψ]},(17)
therefore
H
′
0 = p0 +HC . (18)
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The next step in HJ formalism is to obtain the total differential equations
by using (16) and (18). In our case we obtain the following set of total
differential equations
dΨ = −kΠΨdτ
6a2
√
γ
+
k
2
φ
′
Φdτ −AHdτ, (19)
dΦ = (
Πφ
a2
√
γ
+ Aφ
′
)dτ, (20)
dΠΨ = 2a
2√γ k
2 − 3K
k
Ψdτ − 2a
2√γA(k2 − 3K)
k
dτ, (21)
dΠΦ = − ΠΦ
a2
√
γ
dτ − Aa2√γ(a
2δV
δφ
+ 3φ
′H)dτ
−a2( δ
2V
δφδφ
− 3
2
kφ
′2 + k2)Φdτ. (22)
Taking into account (17) and the consistency condition
dΠA = 0, (23)
we get a new ”Hamiltonian” denoted by H2. Namely, the form of H2 is given
by
H2 = φ
′
ΠΦ −HΠΨ + a2√γ[(a2 δV
δφ
+ 3φ
′H)Φ + 2(k
2 − 3K)
k
Ψ]. (24)
In order to close the chain the variation of H2 must be zero, otherwise a new
constraint will appear. By using (19), (20), (21) and (22)we may find after
some tedious calculations that if
A−Ψ = 0, ΠΨ = 0, (25)
then dH2 = 0 provided that A is given as a function of background fields,Φ
and ΠΦ.
5.1 Physical Hamiltonian
To find the true degrees of freedom of the proposed model we used the sym-
plectic projector method [10, 11, 12, 13] . The set of second class constraints
to start with is as follows
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C1 = φ
′
ΠΦ + a
2√γ[(a2 δV
δφ
+ 3φ
′H)Φ + 2(k
2 − 3K)
k
Ψ]
C2 = ΠA, C3 = Πψ, C4 = A−Ψ. (26)
By using (26) we obtain the form of matrix ∆ as follows
∆ =


0 0 2
a2
√
γ(k2−3K)
k
0
0 0 0 −1
−2a2
√
γ(k2−3K)
k
0 0 1
0 1 −1 0

 δ(~x− ~y) (27)
The form of the matrix projector becomes
Λ =


0 −k a
2 δV
δφ
+3φ
′H
2(k2−3K) 0 0 − kφ
′
2a2
√
γ(k2−3K) 0
0 1 0 kφ
′
2a2
√
γ(k2−3K) 0
kφ
′
2a2
√
γ(k2−3K)
0 −k a
2 δV
δφ
+3φ
′H
2(k2−3K) 0 0 − kφ
′
2a2
√
γ(k2−3K) 0
0 0 0 0 0 0
0 0 0 −k a
2 δV
δφ
+3φ
′H
2(k2−3K) 1 −k
a2 δV
δφ
+3φ
′H
2(k2−3K)
0 0 0 0 0 0


δ(~x− ~y)
(28)
We observed that TrΛ = 2, therefore we have only two true physical degrees
of freedom. Let us introduce the phase space vector ξ with the following
components
(ξ1, ξ2, ξ3, ξ4, ξ5, ξ6) = (A,Φ,Ψ,ΠA,ΠΦ,ΠΨ) (29)
By using (14) we obtain
ζ⋆1 = −k
(a2 δV
δφ
+ 3φ
′H)
2(k2 − 3K) ξ
2 − kφ
′
2a2
√
γ(k2 − 3K)ξ
5,
ζ⋆2 = ξ
2 +
kφ
′
2a2
√
γ(k2 − 3K)(ξ
4 + ξ6)
ζ⋆3 = −k
(a2 δV
δφ
+ 3φ
′H)
2(k2 − 3K) ξ
2 − kφ
′
2a2
√
γ(k2 − 3K)ξ
5,
ζ⋆4 = 0,
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ζ⋆5 = −k
(a2 δV
δφ
+ 3φ
′H)
2(k2 − 3K) (ξ
4 + ξ6) + ξ5,
ζ⋆6 = 0 . (30)
We observed that
ξ⋆1 = ξ
⋆
3 (31)
and
ζ⋆5 = −
a2
√
γ
ϕ
′
{ζ⋆2(a2
δV
δφ
+ 3φ
′H) + 1
2(k2 − 3K)ζ
⋆
1}, (32)
therefore only two physical variables ζ⋆1 , ζ
⋆
5 can be used as a starting point
for the quantization of the system. As it can be seen from (31) and (32) we
obtain the same degrees of freedom as in [8].
6 Conclusions
The integrability of HJ total differential equations is an open and attractive
issue. In our study we obtained the gauge conditions directly from the con-
sistency conditions within HJ formalism. This result is based on the fact
that if the canonical Hamiltonian represents a sum of two terms, the second
one becomes another ”Hamiltonian” in HJ formalism. In other words the
canonical Hamiltonian represents a case of an irregular Hamiltonian. If we
denote H3 = A−Ψ and H4 = ΠΨ we obtain four ”Hamiltonians” in our case.
As it can be seen, the obtained ”Hamiltonians” are not in involution, there-
fore the systems corresponding to these ”Hamiltonians” is not integrable. To
make it integrable we work on the surface of constraints and this way leads
us to the same canonical Hamiltonian from up to a constant.
The above result can be generalized for the case when the canonical
Hamiltonian has the form Hc = H0 + φ1H1 + · · ·φnHn, where the fields
φ1, · · ·φn do not appear in any ”Hamiltonians” H1, · · ·Hn. In this case all
φ1, · · ·φn are gauge variables and they can be fixed after imposing the inte-
grability conditions. In order to calculate the action we have to find the lin-
early independent ”Hamiltonians” possessing the physical significance from
HJ point of view.
Since the set of four ”Hamiltonians” is a second class typed in Dirac
classifications the symplectic projector method was used to obtain the true
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degrees of freedom of investigated model. The results were found to be in
agreement with those from [8].
Acknowledgments
This work is partially supported by the Scientific and Technical Research
Council of Turkey.
References
[1] T. Tanaka, M. Sasaki, Phys. Rev. D59, 023506 (1999).
[2] G. Lavrelashvili, Phys. Rev. D58, 063505 (1998).
[3] V.F. Mukhanov, H.A. Feldmann, R.H. Brandernerg, Phys. Rep. 215, 203
(1992).
[4] J. Garriga, X. Montes, M. Sasaki, T. Tanaka, Nucl. Phys. B513, 343
(1998).
[5] S. Gratton, N.Turok, Phys. Rev. D60, 123507 (1999).
[6] P.A.M. Dirac, Lectures on Quantum Mechanics (Yeshiva Univ. Press,
New York, 1967).
[7] M. Henneaux, C. Teitelboim, Quantization of Gauge Systems (Princeton
Univ. Press, Princeton, N. J. 1992).
[8] A. Khvedelidze, G. Lavrelashvili, T. Tanaka, Phys. Rev. D62, 083501
(2000).
[9] G.V. Lavrelashvili, V.A. Rubakov, P.G. Tinyakov, Phys. Lett. B161, 280
(1985).
[10] C.M.Amaral, Nuovo Cimento B25, 817 (1975).
[11] P.Pitanga, C.M.Amaral, Nuovo Cimento A103, 1529 (1990).
[12] L.R.U. Manssur, A.L.M.A. Nogueira, M.A. Santos, Int. J.Mod.Phys.
A17(14), 1919 (2002).
10
[13] M.A.De Andrade, M.A. Santos, I.V. Vancea,Mod. Phys. Lett.A16(29),
1907 (2001).
[14] H. De Cicco, C. Simeone, Int. J. Mod. Phys. A14, 5105 (1999); C.
Simeone, J. Math. Phys. 40, 4527 (1999); M.Henneaux, C.Teitelboim,
T.Vergara, Nucl.Phys.B, 387, 391 (1992).
[15] C. Carathe´odory, Calculus of Variations and Partial Differential Equa-
tions of the First Order Part II, (Holden-Day, 1967).
[16] B.M. Pimentel, R.G. Teixteira, J.L. Tomazelli, Ann. Phys. 267, 75
(1998).
[17] S.I. Muslih, Y. Gu¨ler, Nuovo Cimento B113, 277 (1998).
[18] D. Baleanu, Y. Gu¨ler, J. Phys. A: Math. Gen. 34, 73 (2001).
[19] D. Baleanu, Y. Gu¨ler, Mod. Phys. Lett. B 16(13), 873 (2001).
[20] D. Baleanu, Y. Gu¨ler, Int. Journ. Mod. Phys. A 16(13), 2391 (2001).
[21] B. M. Pimentel, P. J. Pompeia, J. F. da Rocha-Neto, gr-qc/0408027.
[22] B.M. Pimentel , P. J. Pompeia , J. F. da Rocha-Neto, R. G. Teixeira,
Gen. Rel. Grav. 35(5), 877 (2003).
[23] D. Baleanu, Nuovo Cimento B118(1), 89 (2004).
11
